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BOUNDARY REPRESENTATION FOR LOBACHEVSKY SPACES
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For canonical representations on a Lobachevsky space, a description of distributions
concentrated at the boundary is given.
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In this paper we extend to Lobachevsky spaces G/K, G=S0g(n—1,1), K=SO(n—1) our
results [1], [2], [3] on distributions concentrated at the boundary of the Lobachevsky plane. We use
the Klein model of the Lobachevsky space G/K . It is the unit ball B: (u,u) <1 in R*"! with
the fractional linear action (from the right):

uo +
u,_>u.g:u6+g, g:<a ﬁ>.

Here (u,v) is the standard inner product in R"~!:
(u,v) =uvy + ... + Up—1Vp—1.

The boundary S: (u,u)=1 is the absolute of the Lobachevsky space. Let B=BUS.

Canonical representations Ry, A€ C, of the group G act on the space D(B) by

(Rx(9)f) (u) = f(u-g)(uB+ )™

They can be extended to the space D’(B) of distributions on B and, in particular, to the space

Y(B) of distributions concentrated at S . The restriction Ly of Ry to X(B) is called a boundary
representation.

Introduce on B polar coordinates p,s:u=+/1—p-s, s€S, where p=1— (u,u). In these
coordinates the Laplace—Beltrami operator A on B is

2

0 0 p
A=4(1-p)p’= +2p(4—n—3p)— + ——A
(1—-p)p a2t p(d—n 3p)ap+1_p S

with the Laplace-Beltrami operator Ag on S. Let Ay be the Casimir element of the Lie algebra g
of the group G . To this element, the representation R) assigns a differential operator (the Casimir
operator)

A)\_A+4(/\+n)p(1—p)aap+()\+n)[>\+2—()\+n+l)p].
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Its K -radial part (acting on K -invariant functions) is the operator

0? 0

2

RadA), = 4(1-p)p a—zﬁ+2p[2)\+n+4—(2)\+2n+3)p]a—p
+ A+n)A+2—(A+n+1)p].

The Berezin form (f,h), on D(B) is a bilinear form defined by:

A /B (1= (u, o)} F(u) h(v) dudo,

rae du is the Euclidean measure on B,

¢(\) = 7~ (D2 (‘AZ“) /r (Hﬁ) |

The Casimir operator and the Berezin form are invariant with respect to R) .

Representations T, , o € C, of the group G associated with a cone act on the space D(S) by

(To(9))(s) = @(s - g)(sB +6)°.

They are irreducible for all o except 0 € N and 0 €2 —n—N. Here and further N={0,1,2,...}.

For A¢ —(n—4)/2+ N, the boundary representation L) decomposes into the direct sum of
representations T5_,_x1or, k€N, as follows. First, we introduce differential operators W, and
W3, on D(S), which are polynomials in Ag:

Wo‘,k’ = ’U)k(O', AS); W;,k = ’U);;(O', AS)v

where wy, , w} are defined by means of a reproducing function (with p;=1(3 —n —1) and the Gauss
hypergeometric function F):

oc+n—24+1 o+n—-1+1 n =
(1—p)l/2F< 5 : 5 ;0+2;p) = Y wilo,m)p”,
_1/2 c+2—-1 o4+1-1 n = .
(I—p) /7 F 5 0T gip) = > wilo, m)p

Then we define operators &y : D(S) — Yr(B):

Okl(p) = Z W,\ 2kp(0) - 67 (p),

they intertwine To_,,_xyor with Ly . The space X(B) decomposes into the direct orthogonal (with
respect to the Berezin form) sum of their images V) ;, k€ N. These subspaces are eigenspaces of
Ay with eigenvalues (A —2k)(A+n—2—2k) . The "old basis" ¢(s)d*)(p) is expressed in terms of
the "new basis" &) m(¢):

k
=> (- f,\r (W3 _prsari—r(®)) -

r=0
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In the subspace %(B)X of X(B) consisting of K -invariant distributions we have two natural
bases: the first one consists of derivatives of the delta function d6(p):

§®(p), k=0,1,..., (1)
the second one consists of distributions

Ok =&k(1), k=0,1,.... (2)

Basis (2) consists of eigenfunctions of Ay and is orthogonal with respect to the Berezin form (we
use the notation a™ =a(a+1)...(a+m—1)):

(Cks Ok)y = BOAK), (O Oar)y =0, k#T,

where

(=A)ZH(3 —n — \)2A]
((4=n)/2= NP (2 =n)/2 =X+ k)’
F'A+(n—2)/2)T((-XA+1)/2)
F((n—1)/2)T((2—n—=X)/2T(A+n—-2)"
Elements of bases (1) and (2) are expressed in terms of each other by means of triangular matrices
with the unit diagonal, namely,

BN E) =b(N) - 27 kI (—1)F

b()\) _ 2/\+n—3 7_‘_(n—2)/2

i k _ ()\+n—2—2k)[2b] (_)
=0 ()2 e ), ®
k 2k—2s]
) (1) — ks (K p2s—o B—m— A+ 2s)!
O =3t () o B e 6 (@

Notice that formula (3) can be written as follows:

—2 —1
o= (2EP=2 kAT a2k ) a9(),
’ 2 2 2
Formula (4) gives a generating function for 6(*)(p):
d = um
exp (udp) I(p)= Z e

m=0

4—n—\ 3—n—\ 4-
x F L—i—m, L—i—m; J—)\+2m; —u | - Cam-

2 2 2 '
Pairwise inner products of basis (1) are given by:

(3—n—NEE —n— )2
(G—m)2— N

(5(m)(p)’ 5" (p))/\ =b(A) - (_1)m+r 9—2r—2m
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